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Abstract 

It has recently been shown that the ten-dimensional superstring can be quantized using 
the BRST operator Q = ^ X^da where A" is a pure spinor satisfying = 0 and da is 

the fermionic supersymmetric derivative. In this paper, the pure spinor version of superstring 
theory is formulated in a curved supergravity background and it is shown that nilpotency and 
holomorphicity of the pure spinor BRST operator imply the on-shell superspace constraints of 
the supergravity background. This is shown to lowest order in a' for the heterotic and Type II 
superstrings, thus providing a compact pure spinor version of the ten-dimensional superspace 
constraints for A = 1, Type IIA and Type IIB super gravities. Since quantization is straightfor¬ 
ward using the pure spinor version of the superstring, it is expected that these methods can also 
be used to compute higher-order a' corrections to the ten-dimensional superspace constraints. 


1 Introduction 


For many purposes, superstring theory is most conveniently expressed as an effective field the¬ 
ory of its massless modes consisting of supergravity theory together with corrections arising 
order by order in a'. In principle these higher order corrections can be obtained by computing 
scattering amplitudes or by demanding consistency of the superstring sigma model in a curved 
background. However, neither of these procedures is easy to carry out in superstring theory in 
a way in which spacetime supersymmetry is guaranteed. In the Ramond-Neveu-Schwarz (RNS) 
formalism, it is difficult to introduce fermionic or Ramond-Ramond background fields, while the 
Green-Schwarz (GS) formalism ensures spacetime supersymmetry but is difficult to quantise. 
Although the hybrid formalism for the superstring can be used to compute a' corrections in 
a manner which manifestly preserves D=2 [1], D=4 [2], or D=6 [3] super-Poincare covariance, 
one needs a D=10 covariant formalism if one wants to describe the superstring in arbitrary 
supergravity backgrounds. 

In this situation, one might try to study the constraints that ten-dimensional supersymmetry 
imposes on higher-order contributions to the effective action. One difficulty here is that, with 
the exception of the supergravity sector of the heterotic string, it is not known how to construct 
any superspace actions due to the absence of any known sets of auxiliary fields. Even in the 
heterotic case, the auxiliary fields are rather complicated [4] and it is not clear how to construct 
higher order actions which correspond to superstring corrections, although the invariant was 
discussed from this point of view in [5]. It seems that additional input apart from supersymmetry 
is required. On the other hand, it has been possible to obtain information about some particular 
terms, for example in the work of [6, 7, 8, 9, 10, 11, 12]. Other approaches to the problem have 
involved supersymmetrisation of bosonic sigma model terms [13] for the heterotic string [14, 15], 
and studying corrections to heterotic superspace constraints directly [16, 17], which has at least 
been successful in incorporating anomaly terms. This work has been reviewed in [18] where string 
results were used to partially construct corrections in M-theory. Other recent approaches to 
supersymmetrizing the term in M-theory are described in [19] and [20]. 

The fact that one is forced to look at the equations of motion rather than Lagrangians 
suggests that a way forward might be to understand the geometry behind these equations. 
Many years ago, Witten showed how the N=1 D=10 superspace Yang-Mills equations can be 
understood in terms of integrability along light-like lines and how this is related to K-symmetry 
of the superparticle action [21, 22]. This sort of analysis was subsequently carried out for the 
heterotic [23] and IIB strings [24], and reinterpreted in terms of light-like integrability in loop 
superspace in [25, 26], at least for the heterotic case. 

In some related work, one of the present authors showed that light-like integrability could 
be replaced by integrability along pure spinor lines, and that this can also be employed in 
eleven dimensions in the context of the supermembrane [27]. A virtue of this approach is 
that it is simpler than light-like integrability, but, at the time, it wasn’t entirely clear how 
it was related to particle or string actions. More recently, the other author has shown that 
ten-dimensional superparticles and superstrings can be effectively quantised using pure spinor 
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variables [28, 29]. These pure spinor variables can be interpreted as bosonic ghosts for a fermionic 
symmetry, although it is not currently fully understood how this can be implemented in a 
worldsheet reparameterization invariant fashion. Nevertheless, the hnal gauge-fixed action does 
have manifest spacetime supersymmetry and correctly hxes the central charge to be zero. Unlike 
the GS formalism, however, the pure spinor formalism has the tremendous advantage that it 
can be quantised straightforwardly since the action is free in a flat background. 

In this pure spinor formalism [29], the left-moving BRST operator for the heterotic super¬ 
string is 

Q = ^ (1) 

where A“ is a bosonic pure spinor variable satisfying^ 

A“75jA^ = 0 (2) 

for m = 0 to 9, and da is the worldsheet variable corresponding to the N=1 D=10 spacetime 
supersymmetric derivative. In a flat background, A“ and da are holomorphic and da satisfies 
the OPE da{y)dp{z) —ia'{y — z)~^^'^pU.rn where !!„ = dxm + ^djrndO is the supersymmetric 
momentum. So Ay^A = 0 implies that Q is nilpotent. A natural conjecture is that in a curved 
supergravity/super-Yang-Mills background for the heterotic superstring, nilpotence and holo- 
morphicity of X'^da implies the superspace equations of motion for the background superfields. 

Similarly, in the pure spinor formalism for the Type II superstring, the left and right-moving 
BRST operators are ^ 

Q = ^‘^da, Q = ^"^da, (3) 

where A“ and A“ are independent pure spinor variables satisfying 

X-j^^Xd = 0, XS^^Xd = 0, (4) 

for m = 0 to 9, and da and da are worldsheet variables corresponding to the N=2 D=10 
spacetime supersymmetric derivatives. In a flat background, X°‘da is holomorphic and nilpotent 
whereas X°‘da is antiholomorphic and nilpotent. So it is natural to conjecture that in a curved 
N=2 D=10 supergravity background for the Type II superstring, the superspace equations of 
motion for the background are implied by the condition that these properties of X'^da and X^da 
are preserved. 

In this paper, we shall verify the above conjectures to lowest order in a' for the heterotic 
and Type II superstrings in = 1 and N = 2 supergravity backgrounds. This verification will 
lead to new pure spinor versions of the superspace constraints for ten-dimensional N = 1, Type 
IIA and Type IIB supergravity. These have the property that they are remarkably compact and 
may be useful for studying other aspects of ten-dimensional supersymmetric theories such as 

^We will use the notation where 7 ^ and 7 "* are 16 x 16 symmetric matrices which form the off-diagonal 
blocks of the 32 x 32 ten-dimensional F-matrices in the Weyl representation. 

^Throughont this paper, we will use spinor notation simnltaneously for the Type IIA and Type IIB superstring 
by imposing that a and d denote D=10 spinors of opposite chirality for the IIA superstring and denote spinors 
of the same chirality for the IIB superstring. 


2 



harmonic superspace. Furthermore, since the superstring action is quantizable, this conjecture 
can be used in principle to compute the superspace equations of motion to arbitrary order in a’. 

For the N=1 D=10 supergravity/super-Yang-Mills background of the heterotic superstring, 
nilpotence of A“(io will imply 

= A“A^Fi^ = 0 (5) 

where Tab^, Habc and are the superspace torsion, three-form field strength and super- 
Yang-Mills field strength. These equations are identical to those derived from pure spinor 
integrability in [27]. Since (5) must be satisfied for an arbitrary pure spinor A“ satisfying (2), 
(5) implies that 

{imnpqrT^Tap^ = {'^mnpqrT'^ HapC = {imnpqrT^F^p = 0 ( 6 ) 


for any self-dual five-form direction mnpqr. Up to conventional constraints (which will be 
implied by holomorphicity of X‘^da), the constraints of (6) will be shown to imply the standard 
N=1 supergravity/super-Yang-Mills equations of motion. 


For the N=2 D=10 supergravity background of the Type II superstring, nilpotence of X'^da 
and A" do will imply 

A“A'’r„^° = = 0, (7) 

A“A%„„C = = A“aY„,sc = 0. 

Since and are arbitrary pure spinors satisfying (4), (7) implies that 


{^ymnpqr 

mnpqr 


= {l^npqrf^T^f = T= 0 , 

) ^HapC = mnpqr) ^= 0 


( 8 ) 


for any self-dual five-form direction mnpqr. Up to conventional constraints (which will be 
implied by holomorphicity and antiholomorphicity of A"da and X^da), the constraints of (8) 
will be shown to imply the standard Type II supergravity equations of motion. ^ 


In section 2 of this paper we shall use the heterotic superstring sigma model to derive a 
pure spinor version of the N = 1 supergravity/super-Yang-Mills constraints, and in section 3 
we shall use the Type II superstring sigma model to derive a pure spinor version of the Type 
IIA and Type IIB supergravity constraints. In section 4 the pure spinor description of Type IIB 
supergravity will be shown to agree with the standard Howe-West (HW) superspace description 
of [30]. In section 5 we shall briefly discuss the the procedure for extending to higher order in 
a' these computations of the ten-dimensional superspace constraints. 

®As will be explained in section 3, the superspace torsion Tab'^ appearing in (7) and (8) is not the usual one 
since some of its components depend on a “left-moving” spin connection and some of its components depend on 
a “right-moving” spin connection. 
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2 Heterotic Superstring Sigma Model 


In this section, the pure spinor version of the heterotic superstring will be reviewed in flat and 
curved backgrounds. Nilpotence and holomorphicity of will then be shown to imply the 
superspace equations of motion for the super gravity/super-Yang-Mills background. 


2.1 Heterotic superstring in a flat background 


In the pure spinor version of the heterotic superstring, the worldsheet variables consist of the 
N = 1 D = 10 superspace variables {x'^,9°^,pa) for m = 0 to 9 and a = 1 to 16 where 
Pa is the conjugate momentum to 6°‘, as well as the left-moving pure spinor ghost variable 
A" and its conjugate momentum Wa, the x or 50(32) right-moving currents , and 
(6, c) right-moving Virasoro ghosts. Because A" is defined to satisfy (2), it has only eleven 
independent degrees of freedom and its conjugate momentum Wa is only defined up to the 
gauge transformation 5wa = Em{'l^X)a for any A™. This gauge transformation can be used to 
eliminate five components of Wa, so both A“ and Wa have eleven independent components. 


The action and stress-tensor in a flat background is 

5 = [ (f z{]-dx^dxm + PadO^" + bdc) + Sx + Sj, 

zTra' J 2 


(9) 


T = ^{-l-dx"^dxm-PadO°‘)+Tx, T = ^{-^dx'^dxn.-bdc-d{bc))+Tj, (10) 
a' 2 a' 2 

where Sx and Sj are the actions for A“ and J^, and Tx and Tj are the c = 22 and c = 16 
stress tensors for A“ and . As described in [29], one can write explicit expression for Sx and 
Tx by solving the constraint of (2) in terms of eleven chiral bosons {'y,Uab) and their conjugate 
momenta (/?, u“^) where a = 1 to 5 and Uab = —Uba- However, these explicit expressions will not 
be necessary here. We will only need to know that Sx is defined such that A“ has no singular 
OPE with itself and Lorentz currents can be constructed out of A“ and its conjugate 

momentum Wa as = ^Ay^’^rc which satisfy the OPE’s 


Y™”(y)A“(z) 


:(7" 


\^(z) 

I- 

p-z 


N^\y)N^^(z) 


^m[l j^k]n_ ^n[l ^kn^lm _ ^km^ln 


- 3- 


( 11 ) 


( 12 ) 


y - z {y - zf 

Similarly, the explicit expression for Sj will not be necessary and we will only need to know the 
OPE 

^IK JHz) 


r{y)J^iz 


{y - z)‘‘ 


+ fh 


(y - z) 


(13) 


where are the Eg x Eg or 50(32) structure constants. 


Physical states of the superstring are defined as vertex operators in the cohomology of the 
left and right-moving BRST operators 


Q 


XSda, Q 


^{cT + cdcb) 


(14) 
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where 


da=Pa- ^50^9^89^ and n™ = dx^ + ^-e^^de (15) 

are spacetime supersymmetric and satisfy the OPE’s [32] 

da{y)dp{z) -ia'{y - d„(y)n™( 2 ;) ^ ia {y - z)~^-f^pded{z). (16) 

To construct the sigma model for the heterotic superstring, it will be useful to know the 
integrated form of the massless supergravity and super-Yang-Mills vertex operators, Vsg and 
VsYM, which are 

Vsg = I d^zid9<^A^mix, 9) + lVAn^{x, 9) + (x, 9) + 9))dx'^, (17) 

VsYM = J d^z{d9<^A^iix, 9) + V^Aniix, 9) + (x, 9) + ^iV„pC/7(x, 9))J^ , (18) 

where N'^'p are the Lorentz currents for the pure spinor. Note that the first two terms in Vsg 
and VsYM are the same as in the Green-Schwarz heterotic superstring vertex operators, but the 
third and fourth terms are needed for the vertex operators to be BRST invariant. These two 
vertex operators can be obtained by taking the “product” of a massless open superstring vertex 
operator, 

Vopen = J dz{d9^AUx,9)+U^An{x,9)+daW^{x,9) + ^NnpU'^P{x,9)), (19) 

with either f dzBx^ or f dzJ^ . 

Using the fact that A“A^ is proportional to 7 mnp<jr(A 7 ™’^^'^’’A) and the OPE’s of (11) and 
(16), one can check that QVsg = Q^SG = 0 implies that 

InpqrsDaAiSm = 0, (9™(9mA/3n “ BnA^rn) = 0, (20) 

Ann, = -'-D^lfApm, pEi = 

( 21 ) 

where Da = is the N=1 D=10 supersymmetric derivative. Similarly, QVsym = 


QVsYM = 0 implies that 


D Aar — 0 

imnpqr^OL-^ljl 

(22) 

AnI = Wf = -^^^<-d{DaAnI - BnAal), 

o iU 

Unpl = -DailnpT pWj = <9[n^p]/- 

(23) 


Equations (20) and (22) are the linearized N = 1 supergravity and super-Yang-Mills equations 
of motion written in terms of the superfields Aam and A^i, and equations (21) and (23) de¬ 
fine the linearized supergravity and super-Yang-Mills connections and field-strengths in terms 
of Aam and Aai- Eor example, the on-shell graviton hnm and gluon ani are contained in 
the i{'y'^9)ahnm{x) and i{'y'^9)aani{x) components of Aam{x, 9 ) and Aai{x, 9 ). The linearized 
equations of (20)-(23) will be generalized to covariant non-linear equations in the following 
subsections. 
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2.2 Heterotic superstring in a curved background 


The heterotic sigma model action in a curved background can be constructed by adding the 
massless vertex operators of (17) and (18) to the flat action of (9), and then covariantizing with 
respect to = 1 -D = 10 super-reparameterization invariance. Alternatively, one can consider 
the most general action constructed from the worldsheet variables which is classically invariant 
under worldsheet conformal transformations. In addition, for quantum worldsheet conformal 
invariance, one needs to include a Fradkin-Tseytlin term which couples the spacetime dilaton to 
the worldsheet curvature. 

Using the worldsheet variables defined in the previous subsection, we can write the heterotic 
sigma model action in the form 

j (fz[^{GMNiZ) + BMN{Z))dZ^dZ^ + EUZ)dadZ^ + nMJ{Z)X^wpdZ^ (24) 

+AMi{Z)dZ^J^ + Wf{Z)dJ^ + + ^a’^{Z)r + bdc] +Sx + Sj 

where M = are curved superspace indices, Z^ = (x™',^^), A = (a, a) are tangent 

superspace indices, S\ and Sj are the same as in the flat action of (9), r is the worldsheet 
curvature, and [Gmn^Bmn, Em°‘ ,^Ma^, are the background superfields. 

The “metric” Gmn is defined in terms of the vectorial part of the supervielbein by Gmn = 
Exj^EM^'riab^ and we shall define Ea^ to be the inverse of Em^- 

Ignoring the Fradkin-Tseytlin term f d^z<^(Z)r, (24) is the most general action with classical 
worldsheet conformal invariance and zero ghost number which can be constructed from the 
heterotic worldsheet variables. Note that da carries conformal weight (1,0), A“ carries ghost 
number -|-1 and conformal weight (0,0), and Wa carries ghost number —1 and conformal weight 
(1,0). Since the conjugate momentum ghost variable Wa can only appear in combinations which 
preserve the gauge invariance Swa = A“( 7 aA)Q, the background superfields and Uja^ must 

satisfy = 0, i.e. 

Ula^ = + ]^Uf{^,a)a^. (25) 

It is worthwhile to pause here to say a few words about the geometry of the target space 
which is implied by this action. Clearly, we identify Em^ as the usual supervielbein matrix, 
Bmn as the two-form potential and as the dilaton. The superfield Ami is the super-Yang-Mills 
potential while the superfields Wf and Uja^ will turn out to be related to the spinor and vector 
super-Yang-Mills field strengths. The way in which the supervielbein enters into the action 
indicates that the tangent space should be a direct sum of bosonic and fermionic subspaces. 
This is different from the structure of the tangent space in the Green-Schwarz formalism since 
the Em‘^ components of the super-vielbein do not appear in the GS action. So one only needs to 
specify the fermionic subspace of the GS tangent space (or, dually, the bosonic subspace of the 
GS cotangent space). The form of the “metric” Gmn = Ei\f^EM°"nab shows that the structure 
group in the bosonic sector is the Lorentz group while the existence of pure spinors implies that 
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the fermionic structure group is the spin group times scale transformations. At this stage, the 
two Lorentz groups (in the spinor and vector sectors) are independent, although later on we shall 
choose a gauge with respect to one of them after which they will become identified. Note also 
that the spin connection appears explicitly in the action. This implies that conventional 

constraints corresponding to tensorial shifts of the connection are restricted by the demand that 
the BRST operator and action be unchanged. 

Taking all this into account we find that, in addition to being invariant under target-space 
super-reparameterizations, the action of (24) is invariant under the local gauge transformations 

= 5Em^ = ^eIj, + (26) 

5Wf = ElW], SUiJ = = 6wa = -Elw^, 

where So = + ^S^‘^(7f,c)o^, and S^*^ parameterize independent local Lorentz transfor¬ 

mations on the vector and spinor indices, and S^^^ parameterizes local scale transformations on 
the spinor indices. Furthermore, the action of (24) and the BRST operator A“do are invariant 
under the local shift transformations 

<5L!W = = 5d^ =5UiJ = WjSn^J, (27) 

where = E^VLmiP■, is a local gauge parameter, and the transformation of has 

been chosen such that X°‘Sda = 0. Note that da can be treated as an independent variable in 
the action of (24) since pa does not appear explicitly. 

The first term in the first and second line of (24) is the standard heterotic GS action, but the 
other terms will be needed for BRST invariance, just as in the linearized vertex operators of (17) 
and (18). As will now be shown to lowest order in a', nilpotence and holomorphicity of X'^da 
implies the equations of motion for the background superfields in (24). Note that nilpotence 
and antiholomorphicity of the right-moving BRST current, cT -|- cdcb, does not impose any 
conditions to lowest order in a’ because the action of (24) is classically conformally invariant. 

2.3 Heterotic nilpotency constraints 

We shall first derive the constraints coming from nilpotency of Q = §X°‘da- Defining the 
canonical momentum Pm in the usual manner as Pm = dL/d{dQZ^), one finds that 

da = E^[Pm + ^BMNidZ^ - dz^) - QmJX^wp - AmiJ^]. (28) 

Using the canonical commutation relations 

[Pm, Z^] = 5^, [wa, X^] = [J^ J^] = (29) 

one computes that 

{Q, Q} = A“A^[r„^^Dc + ^HapMidZ^ - Bz^) - Rap-y^X^ws - EapiJ^] (30) 
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where Dc = {Pm — — The torsions Tab^, three-form Habc, curvatures 

Rab-j^, and field strengths Fabi in (30) are defined by 

[Va, Vb] = Tab^Vc + R^aIs + RAB^^Mab + Fab iY^, Habc = SE^E^eI^O^mEnp], (31) 

where V^i = E^ {Om + ^^m ^ + AmiY^), 5 is a scale generator which transforms 

5Ea^ = ^ Mab is the Lorentz generator, is the gauge group generator and RABff = 

R^^b + \RAB'^{lcd)fi^■ Note that /[^s] signifies the graded commutator, i.e. f\AB] = ^{fAB + 
Iba) when both indices are fermionic and f[AB] = \{fAB — Iba) otherwise. 

So nilpotency of Q implies the constraints 

= X^Xl^X"<R^p^^ = X^X^F^pi = 0 (32) 

for any A“ satisfying the pure spinor constraint of (2). Note that the X°‘X^X'^RajS^y^ = 0 constraint 
is implied by X°‘X^Tafj^ = 0 through Bianchi identities. 

As shown in [27], the constraints (32) follow from pure spinor integrability in loop superspace 
and imply all the essential N=1 supergravity/super-Yang-Mills constraints. Indeed, the chirality 
operator introduced in [27] in pure spinor loop superspace precisely coincides with the BRST 
operator Q. So (32) implies all but the “conventional” constraints which define the vector 
components of superfields in terms of their spinor components and define the spin connection 
in terms of the super-vierbein. As will be shown below, these conventional constraints (up to 
gauge invariances) are implied by the holomorphicity of X°^da- 

2.4 Heterotic holomorphicity constraints 

We shall now derive the constraints coming from holomorphicity of X°^da- Varying A“ and its 
conjugate momentum in (24) and ignoring the contribution from the Fradkin-Tseytlin term 
which is higher order in a', one obtains the equations 

5A“ = + Uip'^J^)X^, dwa = {XImJBZ^ + (33) 

and varying the right-moving variables, one obtains the equations 

dJK = f/{AMidZ^ + Wfdo^ + (34) 

where fj^ are the Lie algebra structure constants. And by varying da, one obtains the equation 
of motion 

Em'^BZ^ = (35) 

Finally, by computing Ea{SS/5Z^), one obtains the equation of motion 

Bda = E^[{d[pEl,,^E%7Jab + d^pE%^El7Jab + ^Hpmn)BZ^BZ^ 

+2{d[pE^-^d/3 + d[pXlpf]^'^X^Wf3)BZ^ - Xlpy'^BiX^wp) - ApjdJ^ 

+ {2dipAM]idZ^ + dpWfdf} + dpUiyf^X'^wp)J^]. 
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Putting these equations together, one finds 

5(A“d„) = + Racp'^ w^]n'^ (37) 

+A“[(F,b/ - \w^{Tapb + + {Fa-yi - H^^fs)W]J^ 

+A“[(V„Vff - T„/TP7 - UiJ)d0 + {VaU^j - Ra0^^W^)\^ws]J\ 
where = E^dZ^, = E^BZ^ and Tabc = TAsScd. 

So from (37), B{\°‘da) = 0 implies the constraints 

Ea(ab) = Haab = TafSc + Hapc = Tac^ = 0, A"A^i?ac/3"^ = 0, Eafjl = -W] Ha/d'y, (38) 

Eabi = W^T^ph, v^hpf - = UiJ, \<^\d{VJJip^ - R^jw]) = 0, 

where A“ is any spinor satisfying (2). 

The constraints of (32) and (38) will now be shown to imply the correct supergravity and 
super-Yang-Mills equations of motion. 

2.5 N=1 supergravity/super-Yang-Mills constraints 

It will be useful to first consider the supergravity constraints of (32) and (38) which have lowest 
scaling dimension since the higher dimensional constraints will be implied by these constraints 
through Bianchi identities. At dimension — the only constraint is \°^Xd = 0 which implies 
that Hap-y = 0 since there is no non-zero symmetric Hap'y satisfying X^^X^Hap-y = 0. 

At dimension 0, the constraints X^X^Tap^ = X^X^Hapc = 0 and T^p^^ = —p^'^Hapd im¬ 
ply that Tap'^ = —’rj'^'^Hcipd = f( 7 '^)«/ 3 /rf for some /^. The dimension zero Bianchi identity 
Df^^Ep^S) = 'E^pH^d)D then tells us that is an SO(9,l) matrix times a scale factor. So using 
the local spinor Lorentz and scale transformations of (26), /J can be gauge-fixed to 5^ so that 

Tap^ = -V^^H^Pd = iilla/d- (39) 

Note that at this point we still have one local Lorentz symmetry, acting now on both spinor and 
vector indices. The connection for this symmetry is Qm°'^■ On the other hand, the fermionic 
scale invariance has been fixed and so it need not be the case that other components of the 
torsion should respect this symmetry. 

At dimension i, the constraint X'^X^T^p'^ = 0 implies that T^p^ = f2{'y^)a(d for some //. 
Using the shift symmetry of (27), // can be gauge-fixed to zero so that Tap^ = 0. The other 
dimension ^ constraints, H^cd = P«(c(i) = 0, imply through the Bianchi identity Vi^^Ep-yf = 
-T^a(i^T^)D^ that ■ 

At dimension one, the constraint Tca^ = 0 decomposes into 

= T7'^^^(7rfe/5)a^ + Tf (7de)a^ + Te<5f = 0. (40) 
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The constraints Tc = 0 and = 0 determine the vector components of the spin connections 
and whereas the constraint = 0 is implied by the Bianchi identity {SJH + 

= 0. Similarly, the constraints involving the curvature tensor in (32) and 
(38) are implied by the Bianchi identity R[abc]^ = ^[aTbc]^ + T[ab^Tc]e^■ 

To extract the supergravity equations unambiguously from the above constraints it is conve¬ 
nient to reduce the structure group from Lorentz group times fermionic scale to just the Lorentz 
group. The dimension zero torsions are unchanged but the dimension one-half torsion Tap"* gets 
amended to 

Tap^ - Tap-^ - (41) 

(s) 

There are corresponding changes at higher dimensions. The leading component of Hq' is 
the dilatino and to show that there are no unwanted fields one must show that this superfield 
is proportional to the spinorial derivative of a scalar superfield <1> whose leading component is 
the dilaton. It is straightforward to verify that this is the case, although it is necessary to go to 
dimension three-halves to do so. As discussed in section 5, holomorphicity of X‘^da to the next 
order in a' will imply that this scalar superfield 4* is the same superfield that appears in the 
Fradkin-Tseytlin term of (24). 

The above supergravity constraints therefore imply that all of the supergravity superfields 
can be expressed in terms of the spinor supervielbein Ea^, and the equation Tap^ = i{'y^)af} 
puts Ea on-shell. Similarly, the super-Yang-Mills constraints in (32) and (38) imply that the 
super-Yang-Mills superfields Ad, Wf and Uja^ can be expressed in terms of the spinor superfield 
Aai, and the equation Eapi = 0 puts Aai on-shell. So nilpotence and holomorphicity of X^da 
has been shown to imply the N=1 supergravity/super-Yang-Mills equations of motion to lowest 
order in a'. 


3 Type II Superstring Sigma Model 

In this section, the pure spinor version of the Type IIA and IIB superstring will be reviewed 
in flat and curved backgrounds. Nilpotence and holomorphicity of \^da and nilpotence and 
antiholomorphicity of X^da will then be shown to imply the superspace equations of motion for 
the N=2 supergravity background. 

3.1 Type II superstring in a flat background 

In the pure spinor version of the Type II superstring, the worldsheet variables consist of the 
Ai = 2 H = 10 superspace variables (x”^, 0^,Pa,d^,Pa) for m = 0 to 9 and a, d = 1 to 16 where 
Pa is the conjugate momentum to 0“ and pa is the conjugate momentum to For the Type 
IIA superstring, a and a denote SO(9,l) spinors of opposite chirality while for the Type IIB 
superstring, a and a denote SO(9,l) spinors of the same chirality. The pure spinor formalism 
also contains the worldsheet variables A“ and A“, and their conjugate momenta Wa and Wq, 
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which are constrained to satisfy the pure spinor conditions 

= 0, = 0 (42) 

for m = 0 to 9. In a flat background, 0", pa. A" and Wa are left-moving while 0", pa, Aq, and 
Wa are right-moving. 


The action and stress-tensor in a flat background is 

S = J (f z{]^dx^dxm + Pad9^ + P&dO’^) -f 5 a -f 


(43) 


T = -,{-]-dx^dx^-Po^de^) + n, f = ^{-]-dx^dx^-pe.dr)+% (44) 

a' 2 a' 2 '' 

where S\ and 5^ are the actions for A" and A", and Tx and are the c = 22 left and right- 

moving stress tensors for A“ and A“. As in the heterotic case, the explicit form of S\ and 

will not be needed. We will only need to know that one can construct left and right-moving 

Lorentz currents, Ai™" = ^Ay^’^rc and N'^'^ = which satisfy the OPE’s 


N^^{y)X'^{z) 


:(7" 




y - z 


iV--(y)A“(7) ^ -(y”^")^ 


f^y -z'' 


(45) 


N^\y)N^^{z) 

N^\y)N^^{z) 


y - z 

y-z 


- 3 


- 3 


^kn^lm 


^km^ln 


{y - zy 


^kn^lm 


^km^ln 


{y-zf 


(46) 

(47) 


Physical states of the superstring are defined as vertex operators in the cohomology of the 
left and right-moving BRST operators 



Q = ^ A“d«, 

Q = ^X^ 

da 

(48) 

where 

= Pa- ^7^130^dXm + ^y^/jTm 




da 

yS0^0^d0^, 

n™ = dx^ + ^7^89 

(49) 

da 


^^9^0W0\ 

n™ = Bx'^ + -h'^m 

2 ' 

(50) 

are spacetime supersymmetric and satisfy the OPE’s 



da{y)d0{z) 

1 ^ -ia'{y - z) ^j^pUmiz), 

dUy^^iz) 

-^icl{y-z)-^7^pdd\z), 

(51) 

d&{y)dp{z] 

) ^ -ia’{y - z)-^ 7 '^jp.m{z), 

Um^iz) 

^iol{y-z)-^7lfd^iz\ 

(52) 


To construct the sigma model for the Type II superstring, it will be useful to know the 
integrated form of the massless Type II supergravity vertex operator 

VsG = [ d^z[de^d§f^A^^{x,0,§)+d0'^u^A^^ix,eJ)+u^d§'^A^^ix,eJ)+u^u^A^nix,e,e) 

(53) 


11 



+do,{dpEj{x, 0,0) + U^EZix, 0, 0)) + d&id0^E$ix, 0, 0) + (x, 0, 0)) 

+ \Nran{df^^^^{x, 0, 0) + Wil^^{x, 0, 0)) + 0, 0) + 0, 0)) 

+dJ^P^^{x, 0, 0) + NmndaC^^^ix, 0, 0) + d^NmnC^"^^ {x, 0, 0) + NmnNpqS^^P'^ {x, 0, §)]. 

Note that the first line of Vsg is the same as in the Green-Schwarz Type II superstring vertex 
operator, but the other lines are needed for the vertex operator to be BRST invariant. The Type 
II superstring vertex operator of (53) can be understood as the “square” of the open superstring 
vertex operator of (19). 

Using (42) and the OPE’s of (45) and (51), one can check that QVsg = QVsG = 0 implies 

that 

f) 4^. = n '-v^d f)~ A . = n 1541 

imnpqr^oi^p^ lmnpqr^oi^^0 0-"^/ 

A^n =Amn =A^^, (55) 

and similar equations for the superfields {E, Q, Cl, P, C, C, S) in terms of A^j^. Note that Da = 
and Da = ^ are the N=2 D=10 supersymmetric derivatives. 

Equations (54) are the linearized N = 2 supergravity equations of motion written in terms of 
the superfield A^^, and equations (55) define the linearized supergravity connections in terms 
of A^i^. Eor example, the on-shell graviton hnm is contained in the {'^'^0)a{n^0)phnm{x) of 
Aap{x,0,0). These linearized equations will be generalized to covariant non-linear equations in 
the following subsections. 

3.2 Type II superstring in a curved background 

The Type II sigma model action in a curved background (except for the Fradkin-Tseytlin term) 
can be constructed by adding the massless vertex operator of (53) to the flat action of (43), 
and then covariantizing with respect to N = 2 D = W super-reparameterization invariance. 
Alternatively, one can consider the most general action constructed from the worldsheet variables 
which is classically invariant under worldsheet conformal transformations. 

Using the worldsheet variables defined in the previous subsection, we can write the Type II 
sigma model action as 

5 = ^ / dh[^{GMN{Z) + BMN{Z))dZ^dZ^ (56) 

+E%{Z)dadZ^ + E%{Z)dadZ^ + DMJ{Z)P^wpdZ^ + ClMj{Z)\^w~^dZ^ + P<^^{Z)dad^ 

+C^a\Z)\^wpd^ + ct{Z)X^w^d^ + S^j^{Z)\^wpX^Ws + + 5 a + 5^ 

where M = (m, /x, ft) are curved superspace indices, Z^ = (x™, 0^, 0^), A = (a, a, d) are tangent 
superspace indices, 5 a and 5j^ are the same as in the flat action of (43), r is the worldsheet 
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curvature, and [Gmn = rjcdE^Ej^, Bmn, E%,E%, ^Ma^, are the 

background superfields. 

If the Fradkin-Tseytlin term, f cPz^{Z)r, is omitted (56) is the most general action with 
classical worldsheet conformal invariance and zero (left,right)-moving ghost number which can 
be constructed from the Type II worldsheet variables. Note that da carries conformal weight 
(1,0), da carries conformal weight (0,1), A“ carries ghost number (1,0) and conformal weight 
(0,0), A“ carries ghost number (0,1) and conformal weight (0,0), Wa carries ghost number 
(—1,0) and conformal weight (1,0), and Wa carries ghost number (0, —1) and conformal weight 
(0,1). Since Wa and Wa can only appear in combinations which commute with the pure spinor 
constraints of (42), the background superfields must satisfy 

= 0 ’ 
(57) 

and the different components of the spin connections will be defined as 

CimJ = (58) 

Although the background superfields appearing in (56) look unconventional, they all have 
physical interpretations. The superfields Em^-, Bmn and <I> are the supervielbein, two-form 
potential and dilaton superfields, is the superfield whose lowest components are the Type 
II Ramond-Ramond field strengths, and the superfields Ca^ = C^5a + and = 

related to the N=2 D=10 dilatino and gravitino field strengths. As in 
the heterotic sigma model, the form of the metric in the Type II sigma model implies that the 
structure group in the bosonic sector is the Lorentz group. But there are now two independent 
pure spinors, so one has two independent fermionic structure groups, each consisting of the spin 
group times scale transformations. One therefore has two independent sets of spin connections 
and scale connections, (n^\fl)(^) and which appear explicitly in the Type II sigma 

model action. Finally, the background superfields 5^^ appearing in (56) will be related to 
curvatures constructed from these spin and scale connections. Note that a similar relation 
occurs in the RNS sigma model action which contains the terms 

^ j + ntix)ija4>bdx^ + SabcdixW^^ri’^) (59) 

where ■0“ = e(0(x)0™, 0“ = e(0(x)0™, and e%^{x) is the target-space vielbein. 

In addition to being target-space super-reparameterization invariant, the action of (56) is 
invariant under the local gauge transformations 

5E\, = iicdA^^Ei, 5E% = 5E% = (60) 

dQua^ = i dClMa^ = -I- 

(5A“ = S“A^, Swa = -Kw^, 5A“ = S|A^, 6wa = 
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where ±’’^] parameterize inde¬ 

pendent local Lorentz transformations on the [vector, unhatted spinor, hatted spinor] indices, 
and parameterize independent local scale transformations on the unhatted and hatted 
spinor indices, and the background superfields [P““, transform according to their 

spinor indices. 

Furthermore, the action of (56) and the BRST operators X°‘da and X°‘da are invariant under 
the local shift transformations 

= {lc)a0h'^\ = 2(7[V^"'^ Sd^ = -sn^p^x^w^, (61) 

Ma = -sn^fx^w^, 

dC^ = -P^hVL^J, 5S^j^ = + C^J^dClf^P 

where and hP^ are independent local gauge parameters and the transformations of ^a(f^ and 
have been chosen such that X°‘dda = P^dda = 0. Note that da and d^ can be treated as 
independent variables in (56) since pa and pa do not appear explicitly. 

The first line of (56) is the standard Type II GS action, but the other lines are needed for 
BRST invariance. As will now be shown to lowest order in a', nilpotence and holomorphicity 
of X^da and nilpotence and antiholomorphicity of X^da imply the equations of motion for the 
background superfields in (56). 

3.3 Type II nilpotency constraints 

To analyze the conditions implied by nilpotency oi Q = ^ X°‘da and Q = / it is convenient 

to use the canonical momenta Pm = dL/d{dQZ^) to write 

da = E^[Pm + ^BMNidZ^ - dz^) - nMp^Xf^w^ - Clj^fX^w^], (62) 

da = e¥[P^ + ^BMNidZ^ - Bz^) - ^MP^X^W^ - 

Using the canonical commutation relations 

[Pm, Z^} = 6^, [Wa, A^j = d^ [Wa, x^] = d^ 

one finds that 

{Q, Q} = X'^Xf^lTap^Dc + ^{dZ^ - dZ^)HapN - RaP^^X^Ws - Rapp^X^Wg], 

{Q,Q} = j X^Xf^[T^p^Dc + \{dz^ - BZ^)H^^^ - R^p^^X^ws - 
{Q,Q} = f A“A^[r + \idZ^ - Bz^)H^pj, - Rap^'X^ws - 
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where Dc = {Pm — Tab'^ and Rab/b'^ are defined using the ^M(f^ 

spin connection, and Tab°‘ and Rab^^ defined using the ^M/f^ connection. 

So nilpotency of Q and Q implies that 

= X^Xl^RaP^^ = X'^X^X'^Rafi'y^ = 0, (63) 

= X‘X>R.I,^‘ = = 0. 

= A^A-’S^^/ = X<-X^R.J = 0, 

for any pure spinors A“ and A" satisfying (42). As in the heterotic case, the nilpotency constraints 
on Rabc^ are implied through Bianchi identities by the nilpotency constraints on Tab^■ 

As will be discussed in section 4, the constraints of (63) can be interpreted as Type II pure 
spinor integrability conditions and imply all the essential Type II supergravity constraints. The 
remaining conventional Type II supergravity constraints will be implied by the holomorphicity 
and antiholomorphicity of \°‘da and X°‘da- 

3.4 Type II holomorphicity constraints 

To derive the constraints coming from holomorphicity of X^da and antiholomorphicity of X'^da, 
first vary A“, Wa, A“ and wa in (56) to obtain the equations 

5A“ = -(!4m/3“9Z^ + Cfdx, + sf^y>w^)X^, (64) 

dw^ = {XImJBZ^ + C^^d^ + S^^lx^w^)w0, 
dX^ = -{Cl^fdZ^ + cpd^ + S^p^ws)X^ 

dwa = {^Ma^dZ^ + Ct'd^ + S^^ix'^ws)w^. 

And by computing E^{5S/5Z^), one obtains the equation of motion 

Bda = E^[{dipEl,^E%7]^b + BipE%^EUab + \hpmn)BZ^BZ^ (65) 

+2{d^pE^^^dfi + d^pujN]/x^wfi)Bz^ + 2{dypE^^^d^ + d^ph^^A^x^wi^)dz^ 

-VLp^l^B{X^wp) - Clp&h{X^w^) 

pdpP^^dJ^ + dpC^^z)X'^wfidx, + dpci^{z)x^wpd^ + dpSi^J^{z)x<^wix^w^^. 


Putting these equations together, one finds 

B{x^d^) = A“[^r„B,(n^n‘= + n-^n^) + (66) 

+T^B^dpfi^ + + (Vc.p^^ + c^)dpdx, + Rc^B^^x^wsii^ + i?«s7^n^A^rh5 
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+Vc.cl^X^W5d^ + V^CjdpX^w^ + VaSf^X'^WyX^w^ + (V^Cj + ^^pdpA^u;^], 

where II"^ = E^dZ^, = E^dZ^, Tabc = 'UcdTAB'^-, and all superspace derivatives acting on 
unhatted spinor indices are covariantized using the connection while all superspace deriva¬ 
tives acting on hatted spinor indices are covariantized using the connection. Furthermore, 

the torsion Tab'^ and curvature RAB-y^ are defined as in (31) using the connection whereas 

the torsion and curvature Rab^^ are defined using the connection. Note that TAbc 

appears only in the combination T(^(^bc)- This combination is independent of the spin connections 
since and QXjJ only act on spinor indices and since and are antisymmetric in their 
vector indices. 

Plugging into (66) the equations of motion which come from varying da and da, 

n“ = - CTX^w^, n“ = - cfx^w^, (67) 

one finds that holomorphicity of X^da implies that 

Ta{hc) = iiacd = Ra'^-y = ^«/9c + = ^a'^c ~ ^ (68) 

T ^ 4- T - — T d — T P'ld — T ^ P'^X — T - ^ — n 

— ^a.c ^a.'-yc^ — -^a.p — -^07 — 

cf + - Tap'^P^^ = R^J + TapcCj = - \Ra5pCj = 0, 

< + 

X-X^{R^P + = 0, 

A“A^(V„Cp - RaJP^"^) = X^X(^{VaSf^ - Raky^Cf - RanP^C\p = 0, 

where the last two lines of equations must be satisfied for any pure spinor A“. Antiholomorphicity 
of A^da implies the hatted version of the above equations. The only subtle point is that it implies 
Rj^c ~ Rafdc ~ To/3c + R&idc = 0, which together with the above equations implies that 

TafSc + RafSc = Rpc ~ ^ajdc ^ '^a0c ^ ^a(dc ^ 

The constraints of (63) and (68) will now be shown to imply the correct Type II supergravity 
equations of motion. 

3.5 Type II supergravity constraints 

The analysis of the Type II constraints of (63) and (68) will closely resemble the analysis of the 
heterotic constraints in subsection (2.5). At scaling dimension — i, the constraints of (63) imply 
that 

Rafdy = Rafdy = Rafjy ~ ^afdy ~ ^ 

since there is no non-zero symmetric Rapy and 77^^^ satisfying X^^X^Plafdy = 0 and A“A^77^^^ = 

0. 
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At dimension 0, the constraints = 0 imply that Tq,^"^ = i{'y'^)af3fd 

and = ^(7*^)a/3/d some and /^. Using the dimension zero H Bianchi identities 

and the local Lorentz and scale transformations of (60) for the unhatted and hatted spinor 
indices independently, both and can be gauge-fixed to 6'^. After this gauge-fixing, the 
only remaining gauge invariance is a single local Lorentz invariance which acts on all spinor and 
vector indices in the standard fashion. Combining with the other dimension 0 constraints of 
(63) and (68), one has 

T,/ = = ^(7'^)«/3, T-/ = = 0. (71) 

At dimension the constraints = 0 and A"A^T^^A = q imply that T^p'^ = 

fc {l^)ap and = jX (-j/^)^^ for some fc and j2■ Using the shift symmetries of (27), both j2 

and j2 can be gauge-hxed to zero so that Ta,p'^ = 7A^^ = 0. The other dimension A constraints, 

Hacd = Ta(cd) = Tap^ = = 0, (72) 

Hacd = Ta(cd) = = Tap"^ = 0, 

imply through the Bianchi identities (VT -|- TT)'^^^ = 0 and (VT -|- TTy^~^ = 0 that 

= = (73) 

where is defined using the spin connection and is defined using the spin 

connection. Furthermore, the Bianchi identities (VT -|- TT)^= 0 and (VT -|- TT)'^^^ = 0 
imply that 

Tab" = T^b" = 4'^ = = 0 (74) 

where Tab^ is dehned using the spin connection and Ts^b^ is dehned using the spin 

connection. 

At dimension one, the constraint = 0 decomposes into 

Tca^ = T^^^\7defa)J + Tt"{lde)J + Te<5f = 0, (75) 

tJ = ft^^{jdef9)J + T^\lde)J + Tc^f = 0. 

The constraints Tc = Tc = 0 and ~ ^ determine the vector components of the spin 

connections ^2^^ and Cl2^^, whereas the constraint = q is implied by 

the Bianchi identities {DH + TF)feca7(7“"79)“7 = q and {DH + = 0. The 

constraints = {'pc)a'^P'^^ and = {'y2)apP^^ for some and P^^ are implied by the 
Bianchi identities (VT -|- TT)ap^ = (VT -|- TT)^^, = 0. And P'^^ = P'^^ is implied by the 
Bianchi identity (VT -|- TT)V^ = 0. Similarly, all other constraints in (63) and (68) are either 

implied by Bianchi identities or define Ca^, and in terms of the supervielbein. 

The above constraints imply that all background superfields appearing in the action of (56) 
can be expressed in terms of the spinor supervielbein and E^. Furthermore, the constraints 

Ta/ = i^ap, T^p^ = i{l^)b,p, T^p^ = 0 (76) 
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imply the on-shell equations of motion for and E¥ . So the constraints of (63) and ( 68 ) imply 
the Type II supergravity equations of motion. In the following section, the above pure spinor 
description of Type IIB supergravity will be related to the Howe-West (HW) description of [30]. 
It should similarly be possible to relate the pure spinor description of Type IIA supergravity to 
the IIA superspace description of [33]. 


4 Relation with the SL{2, R) Covariant Description of IIB Su¬ 
pergravity 


In this section we shall demonstrate that the constraints on the torsion for IIB derived in the 
preceeding section are indeed equivalent to the HW equations of motion of IIB supergravity 
described in [30]. We shall do this by first showing that the latter are generated by the stan¬ 
dard dimension zero torsion constraint and then exhibiting the explicit transformation from the 
standard IIB superspace torsions to those derived above. In order to carry through the first step 
we use the method of Weyl superspace and then we reduce the structure group to the Lorentz 
group. In order to establish the result fully we also have to examine the scalars in the theory. 

The complete IIB supergravity theory was derived from a superspace perspective in [30]. 
However, although complete results were given there for all of the superspace field strength 
tensors, no attempt was made to identify a minimal generating set of constraints. Moreover, 
the HW formalism is manifestly locally U{1) and globally SL{2,R) invariant and this is not 
convenient for the applications we have in mind here. We shall work initially in an 50(2) 
formalism (rather than 0 ( 1 )) since this will be easier to adapt to our purposes. 


For IIB superspace we use the same HW conventions as in [30], although we use 7 to denote 
the 16 X 16 spin matrices instead of a. To convert 50(2) spinor indices i,j,... to 0(1) indices, 
we write 



V 2 

(77) 

and 

Vi^ v± = Ev"^)- 

(78) 

So the metric and e-tensor are 


5+_ = 1 , 

e~^ = —i, e_|_= i, e_|_“'" = i. 

(79) 

The summation is therefore u^Vi = 
U{1) indices, we have 

u^Vj^ -|- u~V-. ^ To convert 50(2) vector indices r, s, 

... to 

Vr 

= {TrfRij ^ Vij = (r’’)yW 

(80) 

where 


(81) 


^This causes a slight problem in the superspace summation convention which should be taken to be u°‘^Vai = 
u°‘'^Va+ u°‘~Va- , whereas in [30] one hnds u°‘Va —u°‘Va- So, in converting from HW conventions to SO{2), one 

has to remember to insert an extra minus sign for downstairs a— indices. This means, for example, that we must 
take TaipE = Oo (7'^)a/3 since then one hnds Ta+p-'^ = i{'y‘^)ap T^p‘^ = —i{’y'^)ap in agreement with [30]. 
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We can then put 


( 82 ) 


for vector indices and this is consistent since (r'’“'’')++ = 1. 

In subsection (4.1), we shall first show that the equations of motion of IIB supergravity 
follow (up to topological niceties) from the usual dimension zero constraint 

TaifSj'' = iSiji'llafS- (83) 

We shall do this by working in Weyl superspace, i.e. we shall include a scale factor in the 
structure group. Following through the consequences of this we find that the scale curvature 
vanishes so that the scale connection is pure gauge. If we then take it to vanish we recover the 
equations of [30]. This procedure is very similar to the approach used in [31] to prove that the 
equations of motion of D = 11 supergravity follow from the standard dimension zero constraint. 

Since the standard dimension zero constraint of (83) is required by the nilpotency of Q, it 
then follows that the equations of motion of IIB supergravity are indeed implied in the pure 
spinor formalism. However, as we have seen, there are many other equations at dimensions 
greater than zero that are required to hold either by the nilpotency or by the holomorphicity of 
Q. In subsection (4.2), we shall check these explicitly at dimension one-half by comparing our 
results with those of section 3. 

In the HW superspace description of Type IIB supergravity, SL{2,M.) global symmetry is 
manifest since the two scalars are described by an SO{2)\SL{2,R) coset. However, this SL{2,R) 
symmetry is not manifest in the pure spinor description since the dilaton and axion do not appear 
in an SL{2,R) covariant manner. In subsection (4.3), we will relate these two descriptions of 
the Type IIB scalars and will show that the target-space metric appearing in the pure spinor 
version of the Type IIB sigma model is in string gauge. 


4.1 Weyl superspace 


To get the superspace constraints under control it is useful to include a scale factor in the 
connection. The structure group is then Spin{l, 9) x Spin{2) x R+. The full connection (denoted 
by a tilde) is 

= nj> + 25a^ll (84) 

+ + (85) 

where n,S,n are respectively the connections for the Lorentz, [/(!)(= Spin{2)) and scale fac¬ 
tors. We shall use the notation Q' to denote the Spin{l,9) x U{1) connection, so II' ~ H -|- S. 
Similarly, for the curvatures we have i?~ R' + M ~ R + M + N where M and N are respectively 
the C/(l) and scale curvatures. 


At dimension one-half we find, using the Bianchi identity 


( 86 ) 
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and the freedom to choose the dimension one-half components of the connection and the even 
basis vectors Ea, that the dimension one-half component of the torsion tensor is 

= -i(7“7a - (87) 

where Aaijk is totally symmetric and traceless on its Spin{2) indices, while 

= 0 . ( 88 ) 

This is exactly the same as in [30], and we identify the HW spinor field A by 

A = \/2(A222 + *Aiii) = iA- 

A = V2{A222 — *Aiii) = —iA_|_+_|_. 

At dimension one one has to solve two Bianchi identities 

D d _ rp Erji d J_ rji eUlrp d i rp eTTLrp d 

■^0'il3j,c — -^<y.i(3j Ec “r -Lccti -^em(3j ' ^ema.i 

o 51 _ rp SI I rp e.rp SI i rp ETTlrp SI (C\'\ \ 

'^(m/3_7,7/c) ^(aid/Sj'yk) “r (m/3j -^ 67 ^) “r (oi/Sj '^|em| 7 /c) * 

After a long and tedious calculation one can show that the only non-zero dimension one com¬ 
ponents of the curvature and torsion tensors are those which correspond to the dimension one 
components of the IIB supergravity multiplet, that is Fate, Pa,Gabcde together with fermion bi¬ 
linear terms. The tensors F, P and G are asociated with the antisymmetric tensor gauge fields 
of the theory and the scalar fields {Pa is essentially the derivative of the scalar fields). One also 
determines the spinorial derivative of A and the dimension one component of the 17(1) curvature 
M in terms of these physical fields. Moreover, one finds that the dimension one component 
of the scale curvature N vanishes, N^ipj = 0. From this, one immediately concludes with the 
aid of the scale curvature Bianchi identity, dN = 0, that the whole of N vanishes and so the 
scale connection is pure gauge as anticipated. At this stage we can set the scale connection 
equal to zero and recover the HW torsions and curvatures of [30]. From these results one can 
then construct super extensions of F, G, P which satisfy corresponding Bianchi identities. In 
particular, one can deduce the existence of the two scalar fields described by an SL(2, M)\17(l) 
coset space. 

4.2 Lorentz superspace 

To recover the form of the torsion and curvature tensors derived from the pure spinor formalism, 
we need firstly to restrict the structure group to be the ten-dimensional spin group. This means 
that the components of H and S will appear in the redefined torsion. Moreover, we shall choose 
a different scale gauge from H = 0 which means that H = —dS for some scalar field S and also 
that there is change of basis with respect to the HW basis, i.e. E°' = etc. Explicitly, 

we have 

Tab^ = Tab^ + 2II[j^Ib]^ + (92) 


(89) 

(90) 
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where 


Ia^ = 

Ja^ = 

and where the mixed spinor-vector components of I and J are zero. In particular, at dimension 


one-half, we have 





(94) 

rp C 

Oiib 

= Taib'^ -|- 26 l,'^Ilai- 

(95) 


T ^ ^ 

la — ^Ua 
Ja’’ = 0 


( 93 ) 


We shall also have to shift the Lorentz connection as 

^abc ^ = ^abc + . (96) 

The notation here is that the connection labelled i = 1,2 will act on spinor indices with the 
same internal index label. Since the two connections will be different, this procedure manifestly 
breaks SO(2). For the moment we shall suppose that the vector indices are acted upon by the 
original fl. Finally, in order to make a direct comparison to the earlier results we shall have to 
shift the vectorial basis Ea by 

Ea^ Ea + iijT^XaiEf3i. (97) 


If we choose 


w(l) 

^ al 

= zAalll, 


w(l) 

^a2 

= —i^a222i 


w(2) 

-'ol 

= —iKaiii, 


w(2) 

-'q2 

= i^a222, 


Xal 

= 


Xq2 

= ^0.2221 

(98) 

and if, in addition. 



SqI 

= ^0.2221 


Sq2 

= fAalll, 


Hal 

i . 


^a2 

i . 

— —-^Ea222, 

(99) 

then we find that all components of the redefined vanish except for 



II 

1 

to 


Ta2/32'^‘^ 

CM 

1 

II 

(100) 
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where 


— iAaiii; — ika222- (101) 

fl 2) 

If we also define new vectorial torsions with respect to the new connections we find 

= 2(7,'=oW)„, 

= 0 , 

= 0 , 

= 2(7b‘=0W)„. (102) 

We shall verify that equations (99) are indeed satisfied in the next section. For the moment, 
assuming that they are, we are now in a position to compare directly with the dimension one-half 
results coming from the pure spinor formalism. In order to do this, we remove the fermionic scale 
connection from the type II structure group. After identifying the indices (al,Q;2) = (a, d), we 
find that the only non-vanishing components of the redefined torsion with three spinorial indices 
are those of (100). The vectorial torsions, which do not need to be redefined, are those of 
(102). We have therefore succeeded in demonstrating that the torsions derived from the pure 
spinor formalism are indeed in agreement with those of [30] after suitable field redefinitions. To 
complete the picture we must verify that 11 = —dS and that the expressions given for Ti^i in 
(99) are correct. To do this, we need to examine the scalar fields in the theory. 

4.3 Scalar fields 

The scalar fields take their values in the space SO{2)\SL{2,R). We describe then by a real two 
by two matrix U acted on by W ^ hUg~^, for h £ 50(2), g £ SL{2,R). In index notation 
we write Ur^. Note that r is vector 50(2) index while R is an SL{2,R) doublet index. The 
Maurer-Cartan form M is given by 

M = dUU-^. (103) 

Since it is Lie-algebra valued it can be written as 

M/ = P/ + 2e/S (104) 

where S is the 0(1) connection of (85) and is symmetric traceless, i.e. in complex notation 
we have _p++++ ;= p where P is the HW one-form defined in [30]. The Maurer-Cartan equation, 
dAi -|- Ai^ = 0, implies that 

DP = 0 

M = --PAP 
2 

where M is the 0(1) curvature tensor. 

There is a HW 50(2IR) doublet of three-form field strength tensors Pr, 

P : = UP. Assuming that dF = 0 we find that 

DFr = Pr"Fs (107) 


(105) 

(106) 

and we define 


rp(P C 

^alb 

7^(1)c 
^a2b 

rp{2) c 

^ alb 

7^(2)c 
^a2b 
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As before, we can identify F _= F~^~^ with the field F of [30]. In a complex basis (107) reads 

DF = PAF (108) 

as in [30]. 

The field U is not quite the same as the HW field V. The two are related by 

U = eV^e. (109) 

The Maurer-Cartan form is then 

dUU-^ = eV-^dVe 


0 1 

-1 0 


P 

P -2zS 


0 1 

-1 0 


( 110 ) 


2iS P 
P -2iS 


In the second line of (110), we have used the formula for the Maurer-Cartan form in [30] (with 
S instead of Q), and in the final line we have the correct expression in the new conventions in 
a complex basis. 

In the physical gauge we can write the components oiU in terms of r ;= Ti+iT 2 '■= Co+ie~^ 
where <I> is the dilaton and Co is the axion. In the real basis we have 


U = 


1 / 1 ri 


V 0 '^2 

and one can check that r has the expected transformation under SL{2,M.), i.e. 

ar + b 


where g G SL{2,R) is 


In a complex basis (for both indices) 


U = 


9 = 


CT + d 

a —b 
—c d 


1 f 1 + IT 1 — IT 


2-v/7i V 1 + ir 1 - ir 


If one computes the Maurer-Cartan form in this gauge one finds 

P = l(d^ + ie^dCo, 


P^ 


( 111 ) 

( 112 ) 

(113) 

(114) 


; one finds 


idr 

(115) 


y 

(116) 

a 

(117) 
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and r is chiral, i.e. Dt = 0. This implies 

DaiCo = —e ^Z)q ,2 (118) 

Da 2 Co = e ^Dai ^ (119) 


Using this we can express the components of A as 


Aalll 


(120) 

Aq222 

We can also express the components of S 

= -\d^2^. 

in terms of as 

(121) 

Sal 


(122) 

Sa2 

II 

b 

(123) 

Now earlier we found what the U{1) and scale connections had to 
dimension one-half in order to achieve Q-integrability. We required 

be chosen to be at 

^0.1 

— ~^^a222i 

(124) 



(125) 

Ki 

- "*A' 

— 2 

(126) 

K2 

- —A' 

— 2 ^'■“222) 

(127) 


where 11 is the scale connection and where the prime indicates the basis which is related to the 
unprimed HW one by -E'"* = We also required IT = —dS, since it is pure 

gauge. So we can identify 

< 1 > 

5 = -. (128) 

In addition, if we compare the expressions for the components of A and S in terms of D^, 
we see that they agree, and so everything works as expected. If we define bosonic metrics by 

G = E^®E^riab, (129) 

G' = E'^®E'^r]ab, (130) 

then G' = G. This means we can identify G' with the string metric and G with the Einstein 
metric, so the conformal transformation we need to make is precisely the one which goes between 
the two frames. 


5 Higher Order a' Corrections 

In this paper we have verified to lowest order in a' that nilpotence and holomorphicity of 
the pure spinor BRST operator implies the superspace equations of motion for the background 
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supergravity fields. The next question to investigate is how these superspace equations of motion 
are modified by higher order cJ corrections to the nilpotency and holomorphicity conditions. 
Since the sigma model is a free action in a flat background, one can compute these corrections 
using standard sigma model methods by separating the worldsheet variables into classical and 
quantum parts and expanding in normal coordinates around a flat background. 

When the background fields satisfy their string-corrected equations of motion, one expects 
that the /3-functions of the sigma model should vanish, i.e. that the sigma model remains 
conformally invariant at the quantum level. However, unlike the bosonic string sigma model, 
quantum conformal invariance is not expected to imply the complete set of equations of motion 
for the background fields. In addition, one needs to impose the conditions that, at the conformal 
fixed point, A"(3 q, is holomorphic and nilpotent. It should be possible to impose these nilpotence 
and holomorphicity conditions perturbatively in cJ by computing contributions of the quantum 
worldsheet variables and the Fradkin-Tseytlin term to the equations of motion and OPE’s of A“ 
and da- 

The necessity of imposing BRST nilpotence and holomorphicity can be seen at the lin¬ 
earized level by analyzing the superstring vertex operators of (17), (18) and (53). When the 
superfields in these vertex operators are on-shell to linearized order, one can check that the ver¬ 
tex operators have no poles with the stress tensor T and therefore preserve quantum conformal 
invariance. However, the condition of having no poles with T is weaker than BRST invariance 
(i.e. [Qfiat-, y] = 0) and does not imply the complete set of linearized on-shell conditions. Note 
that Q = Qfiat + H to linearized level, so [Qfiat, H] = 0 implies that Q is nilpotent to linearized 
order. 

Besides the Chern-Simons modifications to the three-form field strength, the first superstring 
corrections to the supergravity equations of motion are expected to come at order e.g. from 
the term. Since the supergravity equations of motion are implied by classical nilpotence and 
holomorphicity of the BRST operator, one expects to see these (aO^ corrections to the equations 
at three loops in the nilpotence and holomorphicity conditions. However, already at first order 
in a', there are several non-trivial one-loop contributions to the nilpotence and holomorphicity 
conditions which must be cancelled by contributions from the Fradkin-Tseytlin term and from 
the Chern-Simons modification to the three-form field strength. 

For example, for the heterotic superstring, the term E^{—^p.yf^d{X"^W/ 3 ) — ApjdJ^) appear¬ 
ing in dda in equation (36) gets one-loop corrections from the chiral anomalies 

dJ^ = ^a'd^MA^N]dZ^dZ^, (131) 

(132) 

where r is the worldsheet curvature and the coefficient ^a' in (132) can be obtained by computing 
the coefficient of the triple pole of X^wp with the pure spinor stress tensor Tx and dividing by 
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(133) 


four.^ So dda gets a one-loop contribution 

- - A^pd^MA^N])dZ^dZ^. 

After including other one-loop contributions coming from contractions of the quantum world- 
sheet variables, one expects that the second term in (133) is completed to ^a'E^w^p^j^dZ^dZ^ 
where 

(CS) 2 2 

^PMN — 3 Tr{VL]^pdM^N] + -^^[p^M^N] — A[pdMApf] — -A[pAmAn]) (134) 
is the Chern-Simons three-form constructed from the gauge, scale and Lorentz connections. 


The hrst term in (133) is cancelled by the contribution from the Fradkin-Tseytlin term 


1 

27rQ;' 


(fz -a'r^{Z), 


which contributes ^a'rDa^ to dda- So the a'r contribution to dda is cancelled if the heterotic 

(5) 

dilaton superfield ‘h is related to the scale connection Qp by 

Da^ = 4EPn^^\ (135) 


which can be checked to imply that the metric is in string gauge. 


Since dda of (36) also contains the term ^E^HpMNdZ^dZ^, the second term in (133) can 
be cancelled by redefining 

HpMN HpMN - Ot'w^PMN- (136) 

As in the RNS sigma model [35], the need for redefining Hpmn can also be seen by requiring 
gauge invariance of the sigma model action. Because of (131) and (132), the action of (24) 
is invariant under local gauge, scale and Lorentz transformations only if Bmn is dehned to 
transform as 

SBmn = oi'{d[MA^j^-^A^ - A*^^i - d[M^N]Aab) (137) 

where A^, A^^i and A“^ are the gauge parameters. 

Similarly, for the Type II superstring, the anomalies 

d{X^wp) = -^a'd[M^N]0^dZ^dZ^ + (138) 

dCx^w^) = ^a'd[M^^^Aoz^dZ^ + 

imply from equation (65) that the Type II dilaton superfield <h is related to the scale connections 
Q^p and Cl^p by 

Da<^ = Da<l> = (139) 

One can check for the Type IIB superstring that (139) agrees with the relation found in equation 
(121), which confirms that the metric is in string gauge. Furthermore, the terms in (138) suggest 
that one should redefine the Type II three-form field strength as 

HpMN HpMN - Ol'iw^PNM ~ ^^PNm) (1^6) 

®The triple pole of with Tx can be computed using the formulas of [34] where X°‘Wa = 2a'dh is the ghost- 
number current, T\ = -^NabN°''^ — — 2d^h is the pure spinor stress tensor, and h{y)h{z) — log(t/ — z). 
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where is a Chern-Simons three-form constructed from the unhatted spin connections 

and Op, and is a Chern-Simons three-form constructed from the hatted spin connections 

Op^ and Op . However, since the differences of the vector components of the spin connections, 
Oi"^ - Oi"^ and Of - Of, are expected to vanish on-shell, the vector components of the three- 
form, Habc, are not expected to be affected by (140). 

It would be interesting to verify that these and other one-loop corrections to the BRST 
nilpotency and holomorphicity conditions are cancelled by the Fradkin-Tseytlin term and the 
Chern-Simons modifications to the three-form. It would also be interesting to verify that the 
sigma model actions of (24) and (56) are indeed conformally invariant at the quantum level 
when the background fields are on-shell. 
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